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SUMMARY

This contribution presents a multi-scale framework for the computational study of masonry structures.
In order to overcome the need for excessively complex closed-form constitutive equations, a first-order
computational homogenization framework is applied to infer the non-linear material behaviour of brick
masonry in the presence of quasi-brittle damage. A localization analysis is carried out based on the
macroscopic homogenized tangent stiffness. It is shown that localization is detected along preferential
orientations, which are consistent with the underlying mesostructural failure patterns and with the applied
loading. The macroscopic description is enhanced with a finite width damage band model in order to
allow the treatment of macroscopic localization resulting from damage growth in the constituents. As
a result of the use of homogenization techniques on finite volumes and the presence of quasi-brittle
constituents, mesostructural snap-back may occur in the homogenized material response. A methodology
to introduce this type of response in the multi-scale technique is proposed. The numerical implementation
of the multi-scale solution scheme using a finite element method is outlined. The results obtained by
the framework are illustrated by means of elementary examples, and by an example of a structural wall
computation. Copyright q 2006 John Wiley & Sons, Ltd.
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1023

1. INTRODUCTION

Due to the complexity and the heterogeneous nature of the material used, the design of masonry
structures is essentially based on codes and rules of thumb, often leading to a lack of control
on safety factors and over-dimensioning. The commonly made conservative approximations in
design are too inaccurate in order to assess the residual strength and load-bearing capacity of
such structures. In this respect, modern computational methods start to emerge as valuable tools
for the study of masonry structures [1, 2]. The interest in such modelling tools originates from
their rational approach towards stability analyses, allowing to complement codes, rules of thumb
and engineering experience. However, these computational approaches require reliable constitutive
models which are generally difficult to formulate for degrading masonry.

Masonry may be considered as a two-phase composite material in which the phases, bricks and
mortar, are assembled in a periodic manner. This periodic mesostructure and the different elastic
characteristics of the two phases render the elastic behaviour of masonry anisotropic. In addition,
the mortar phase is relatively weak, which due to the periodic arrangement of the phases leads to
a stiffness degradation along preferential orientations. This results in a pronounced crack-induced
anisotropy which may have a strong impact on stress redistributions [3]. The initial as well as the
induced anisotropy of the overall material are strongly coupled to the underlying mesostructure,
particularly to the geometry, the stacking mode, and the material properties of the brick and mortar.
The mesostructure therefore has an important effect on the structural failure mechanisms that are
observed. This suggests that the mesostructure should be taken into account in accurate structural
failure analyses.

The formulation of models which represent this type of behaviour is rather delicate. Dedicated
models were developed, which can be classified according to their objectives and their scales
of representation. A first class makes use of a mesoscopic approach in which the constituents
are modelled individually [4, 5]. Potential crack sites are represented by interfaces, in which all
material non-linearity is concentrated. This approach allows to accurately capture most of the
in-plane failure mechanisms, but it is inefficient for large-scale structural computations because of
the excessive computational effort required.

A second class of models successfully overcomes this drawback by formulating closed-form
macroscopic constitutive laws for an equivalent homogeneous continuum, which link average
stresses to average strains in a phenomenological manner [6–8]. However, overall closed-form
laws are difficult to formulate, in particular when the interaction between the initial and damage-
induced anisotropy has to be represented [9]. Furthermore, their experimental identification and
quantification is usually difficult and expensive.

The drawbacks of the approaches described above may be alleviated by a multi-scale approach,
where the mesoscopic and macroscopic scales of representation are intrinsically coupled. A first
class of multi-scale approaches bridges both scales by the identification of macroscopically used
material parameters from mesoscopic models, which solves at least partially the identification prob-
lem in closed-form macroscopic descriptions. The actual structural computation is then performed
with the macroscopic model only. Closed-form constitutive relations still need to be postulated
for both scales in such an approach. This strategy was used for the elastic behaviour of masonry
[10, 11], with extensions to the non-linear regime in References [12, 13] for specific loading cases.

In spite of their efficiency, formulating and identifying accurate closed-form macroscopic con-
stitutive laws still constitutes a major difficulty in the above approach. This may be overcome by
adopting a multi-scale approach, in which both scales of representation are fully coupled in the
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1024 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

entire structural computation. The overall material behaviour is determined ‘on-line’ during the
structural computation by computational homogenization, i.e. by ‘interrogating’ a representative
volume element (RVE) of the material. This idea has been used to model the plastic behaviour of
heterogeneous polymer and metal systems [14–16]. Such an approach was developed for masonry
in this spirit in Reference [17], but with an elastic-brittle representation for the constituents. This
approach allows to capture complex overall effects such as damage-induced anisotropy on the basis
of simple isotropic constitutive relations postulated at the level of the constituents, thereby avoid-
ing complex macroscopic closed-form formulations. Material data can be directly implemented
at the scale of individual components, and the identification problem is thus transferred to the
mesoscopic level, where reliable experimental data are more readily available [18]. Evidently, the
main disadvantage of this type of approach resides in the increased computational cost, but it is
believed that this cost may become acceptable as a result of the steady growth of the available
computing power.

The degradation process which we aim to model is accompanied by localization of damage in
narrow zones, which ultimately leads to failure [19]. In a multi-scale context, this may happen for
the description at both the structural and the constituent scales. Softening in the material response
in a local continuum generally leads to ill-posed boundary value problems, an undetermined width
of the localization zones, and a non-objective energy dissipation [19]. The treatment of localization
of damage at the scale of the constituents can be handled correctly with appropriate (non-local)
techniques since closed-form constitutive laws are used for this purpose. At the macroscopic
scale, the adopted multi-scale approach [14, 20] homogenizes the mesoscopic description towards
a classical stress–strain response, which naturally complies with the principle of local action. The
occurrence of localization at the macroscopic scale will therefore be taken into account here by
the introduction of an embedded localization band, the width of which is determined from the
periodicity of the mesostructure.

Due to the softening of the masonry constituents, mesoscopic localization eventually appears.
Depending on the relative volumes of the phases, the mesostructural homogenized response may
show snap-back due to the inability of the damaging part of the mesostructure (e.g. the mortar
joints) to completely dissipate the energy which is released in the unloading parts (usually the
bricks). From a macroscopic viewpoint, this behaviour can be regarded as a ‘constitutive snap-back’,
although it actually appears as a mesostructural effect that ensues from the averaged behaviour of a
finite volume. Standard strain-driven nested solution schemes cannot deal with this mesostructural
snap-back and an extension is therefore needed as this phenomenon is expected to occur in realistic
computations.

This contribution presents a new localization-enhanced multi-scale solution procedure which
deals with the difficulties of conventional computational homogenization as outlined above. It
allows to handle damage localization at different scales in a physically motivated manner and to
include non-orthotropic anisotropy effects naturally in structural scale computations, two features
hardly met in existing masonry models. It is based on the following salient new features: (i)
the coupling of macroscopic localization detection with a homogenization procedure leading to a
physically based description of damage preferential orientations, (ii) the definition of an embedded
band model allowing to incorporate a motivated energy dissipation in the localization behaviour
at the macroscopic scale, (iii) the improvements of scale transitions allowing to treat fine-scale
snap-back effects together with a branching technique for the localized response.

The paper is structured as follows. The principles of the adopted multi-scale framework are first
recalled in Section 2, after which they are refined for the modelling of masonry. The principles
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1025

used to detect macroscopic localization by means of embedded bands are highlighted in Section 3,
which also illustrates for two typical loading cases that mesostructurally motivated average cracking
orientations can be detected based on a localization analysis performed on a masonry unit cell.
The governing equations of a first-order multi-scale scheme are modified, taking into account
localization by means of finite-sized embedded bands, as highlighted in Section 4. The scale
transition improvements based on mesostructural dissipation control are introduced in Section 5
in order to trace mesostructural snap-back paths in the homogenized material responses. Section 6
details the implementation of the model by means of the finite element method, including the
branch switching procedure for the introduction of localization bands. The proposed framework is
applied to some elementary tests and to a structural application in Section 7. Finally, conclusions
on the added value and innovative character of the proposed framework, as well as necessary future
developments, are given in Section 8.

2. LOCAL MULTI-SCALE SOLUTION SCHEME

2.1. Principles and assumptions

The multi-scale computational scheme presented in Reference [21] extracts the macroscopic
material behaviour from a RVE of the material. For the application to masonry structures, the
coarse or macroscopic scale is the structural scale. The fine or mesoscopic scale is that of indi-
vidual bricks and joints. With the exception of the displacement field, uppercase symbols denote
macroscopic quantities throughout this paper, while lowercase symbols represent mesoscopic vari-
ables. The gradient operator ä and the tangent stiffness operator 4L are suffixed by a lowercase
m for mesoscopic quantities, and by an uppercase M for macroscopic quantities.

The key principle of the nested multi-scale approach is summarized in Figure 1. A macroscopic
strain E is obtained at each iteration of the non-linear macroscopic solution procedure for all
macroscopic sampling points (Gauss points). The solution procedure then requires the correspond-
ing macroscopic stress tensor R. Instead of feeding E into a closed-form constitutive relation
at the macro-scale, it is transferred to the meso-scale by applying it in an average sense to a
RVE (macro–meso scale transition). This allows to define a boundary value problem (BVP) at the

Figure 1. Principle of first-order multi-scale solution scheme.
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1026 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

meso-scale. The response of the RVE is obtained as the solution of this boundary value problem.
As a result, the mesoscopic strain field e, the mesoscopic stress field r, and potentially other field
variables inside the RVE are available. The macroscopic stress R is then computed by averaging
the mesoscopic stress field (meso–macro transition). The macroscopic stress–strain response of
the material is thus fully determined, although it is only available numerically and not in terms
of macroscopic constitutive relations. The meso–macro transition also furnishes the constitutive
tangent, which relates variations of R to variations of E, for the next iteration of the macroscopic
solution procedure [20].

The scale transition procedure attributes a stress–strain response extracted from a mesoscopic
structure to a macroscopic material point. The validity of the approach is therefore theoretically
restricted to situations in which the principle of separation of scales applies, i.e. in which the
mesoscopic characteristic length is much smaller than the length scale associated to variations of
the macroscopic fields [16].

2.2. Scale transitions and mesoscopic boundary value problem

The macro–meso scale transition consists in applying the macroscopic strain to a RVE in an average
sense. Boundary conditions are therefore required, which are defined such that the volume average
of the mesoscopic strain on the RVE equals the imposed macroscopic strain. Periodic boundary
conditions are found to deliver the best results in terms of the stiffness estimation for random
mesostructures [22]. The periodicity of the initial mesostructure of masonry further suggests the
use of this periodicity requirement. The displacement field (in each point of the mesostructure) is
characterized by

u=E.x + w (1)

where E is the macroscopic strain tensor, x is the position vector within the RVE, and w is a
mesoscopic displacement fluctuation field originating from the heterogeneity of the material. The
volume average of the mesoscopic strain field e ensuing from relation (1) is given by

〈e〉= 1

VRVE

∫
VRVE

[äm(E.x + w)]sym dV =E + 1

VRVE

∫
�VRVE

(wn)sym dS (2)

If the fluctuation field w is assumed to be periodic, the boundary integral in (2) vanishes, and
hence 〈e〉=E. Practically, the periodicity of w at the boundary is imposed by means of linear
tying relations. The macroscopic strain is imposed through the displacements of three controlling
points, see Section 2.3.

In addition to the kinematic constraint defining the macro–meso scale transition, homogenization
schemes usually rely on a work equivalence to identify the macroscopic stress tensor. This equiv-
alence between the variations of macroscopic and mesoscopic work is known as the Hill–Mandel
condition and reads as

R : �E= 1

VRVE

∫
VRVE
r : �e dVRVE ∀�e (3)
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1027

where �E and �e are related as defined above. Using mesoscopic equilibrium and the Gauss
theorem, the displacement field (1) may be introduced in (3), yielding

R : �E= 1

VRVE

(∫
�VRVE

(px)sym dSRVE

)
: �E + 1

VRVE

( ∫
�VRVE

(p.w)sym dSRVE

)
(4)

where p is the traction vector acting on the boundary SRVE of the RVE. Taking into account the
periodicity of w and the resulting anti-periodicity of p at the boundary, the macroscopic stress
tensor is obtained as

R= 1

VRVE

∫
�VRVE

(px)sym dSRVE (5)

in terms of mesoscopic quantities at the RVE boundary.

2.3. Choice of the mesoscopic representative volume element

The selection of the RVE should be performed with care, in order to limit the computational effort
at the mesoscopic level, still capturing all possible failure mechanisms. Different RVE shapes and
sizes have been used in the literature for masonry [10, 13, 17]. Note that any periodic RVE delivers
the same results as long as the average behaviour remains unique, i.e. before localization in an
infinitesimal strain setting. Based on the periodicity of the initial mesostructure of masonry, the
RVE is therefore chosen as the smallest possible periodic unit cell of the mesostructure. This choice
is based on the assumption that the average stiffness degradation is mainly due to the arrangement
of constituents and will be correctly captured—including damage-induced anisotropy effects—
using such a cell. The unit cell used here is illustrated for the case of running bond masonry in
Figure 2 and consists of a brick surrounded by half a joint. The running bond periodicity conditions
have been indicated on the cell by arrows linking mutually tied boundary segments. It is noted that
the use of this periodic cell throughout the entire degradation process typically describes failure
mechanisms which satisfy the periodicity conditions illustrated in Figure 3(a), since periodicity
implies that the damage pattern in a unit cell attributed to a macroscopic material point repeats
itself in the vicinity of this point. Actual damaged configurations usually exhibit strongly localized
crack patterns at the macroscopic scale as depicted in Figure 3(b). A methodology to represent
macroscopically localized states will therefore be developed in the next sections. The proposed
unit cell was already used in References [3, 23], together with an isotropic damage model at the
mesoscopic scale. It was shown to deliver realistic average responses for non-perforated bricks,
both in terms of load-bearing capacity and observed failure modes, including non-orthotropic
damaging effects.

Figure 2. Unit cell and periodicity tyings for running bond masonry.
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1028 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

Figure 3. Influence of the periodicity assumption on the representation of failure patterns
in the vicinity of a macroscopic material point: (a) failure pattern satisfying the periodicity

condition; and (b) real failure pattern.

The three macroscopic strain components are imposed on the cell through imposed displacements
of three controlling points, indicated in Figure 2 by (1), (2) and (3). These displacements may be
expressed in terms of the components of the macroscopic infinitesimal strain tensor as

(u1, v1) = (0, 0)

(u2, v2) = (LEXX , 0)

(u3, v3) = (2hEXY + 1
2 EXX , hEYY )

(6)

where L and h are the horizontal and vertical size of the unit cell, respectively. The periodicity of
the fluctuation field is then imposed through the relations

u(xD) = u(xA) + u2 − u1

u(xE ) = u(xB) + u3 − u1

u(xF ) = u(xC ) + u3 − u2

(7)

where xA, . . . , xF are the position vectors of points on the boundary segments A, . . . , F .
Due to periodicity, the macroscopic stress can be obtained directly from the external forces f (i)

acting on three controlling points only [20]:

R= 1

VRVE

3∑
i=1

x(i)f (i) (8)

where x(i) is the position of point (i). A macroscopic consistent tangent operator can be obtained
by a static condensation of the mesostructural tangent stiffness matrix towards the controlling
points [20]. This condensed tangent relation, applying to a mesoscopically converged state, may
be written as

3∑
p=1

K(np)
M .�u(p) = �f (n), n = 1, 2, 3 (9)

where K(np)
M is a second-order tensor relating the variations of the displacement vector of the

controlling point (p) to the variations of the mesoscopic force vector at controlling point (n).
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1029

Combining relations (1), (8) and (9) allows to define the constitutive tangent 4LM according to

�R=
(

3∑
n=1

3∑
p=1

x(n)K(np)
M x(p)

)(rs)

︸ ︷︷ ︸
4LM

: �E (10)

where (.)(rs) denotes condensation with right symmetrization to relate the symmetric Cauchy
stresses to the symmetric infinitesimal strain tensor.

3. LOCALIZATION OF DAMAGE AT MESOSCOPIC AND MACROSCOPIC SCALES

An important issue in modelling failure by continuum methods is the localization of deformation
and degradation. Classical constitutive theories notoriously suffer from pathological localization
when used to model damage and fracture [19]. At a certain stage of the degradation process,
further deformation tends to localize in a surface, while the remaining volume unloads elastically.
As a consequence, no energy dissipation is predicted anymore. This deficiency is intimately linked
to a loss of well-posedness of the underlying boundary value problem. In numerical analyses it
results in an undesired sensitivity of the analysis results with respect to the spatial discretization.
Damage localization thus calls for a specific treatment, in the present case at both the mesoscopic
and macroscopic scales.

3.1. Mesoscopic scale localization—implicit gradient damage

A number of approaches have been proposed in order to enhance continuum formulations by
including an intrinsic length parameter to avoid the ill-posedness [19, 24, 25]. For the present
study, simple non-perforated bricks are assumed. As a result, an isotropic damage model is used at
the mesoscopic scale, assuming that damage-induced anisotropy at the macroscopic scale essen-
tially originates from the geometrical arrangement of the constituents. It is recognized that other
mesoscopic models could be used in order to capture certain effects, such as an independent energy
dissipation in mode I and mode II fracture, or dilatancy. However, the principles presented in the
remainder of the paper will remain mostly independent of the modelling choice at the mesoscopic
scale.

Pathological mesoscopic localization is prevented here by the use of a gradient damage model
[24]. The internal length scale included in this model implicitly sets the width of damage bands
and thus prohibits bands of zero width. A scalar, isotropic damage quantity is introduced for each
constituent in the stress–strain relationship

r= (1 − D) 4Lm : e (11)

The damage value D is deduced from a damage evolution law based on the strain history through
a parameter �, which represents the most severe strain state experienced so far by the material

D = D(�) (12)

In order to determine whether a strain state change is accompanied by further damage growth, a
damage loading function is expressed in terms of a non-local or averaged scalar measure of the
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1030 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

strain state �eq and of the parameter � as

f (�eq, �) = �eq − � (13)

The damage loading function f enters the Kuhn–Tucker relations

f �0,
·
� �0, f

·
� = 0 (14)

and an initial condition is defined for �

�(t = 0)= �i (15)

The non-local �eq field is introduced as the solution of an averaging partial differential equation
incorporating a material intrinsic length scale lc in the meso-scale description:

�eq − l2cä
2
m�eq = �eq (16)

This partial differential equation is complemented by a boundary condition of the Neumann type
applied at the interface between materials.

äm�eq.n= 0 (17)

Details related to the damage criteria used for the constituents and the application of this framework
for masonry mesostructures are discussed in References [3, 23], where it is shown that realistic
results are obtained.

3.2. Macroscopic scale localization detection

The macroscopic continuum used in the multi-scale approach remains local, and a pathologically
localized response may therefore be expected at the macro-scale. The characteristic spatial variation
of the macroscopic solution would localize in an infinitesimal volume, whereas that of the underly-
ing mesostructural analysis remains finite, thus violating the scale separation which was assumed
a priori between the meso- and macro-scale. For disordered random heterogeneous materials, an
elegant solution to the above macroscopic localization issue was proposed in Reference [16], by
extending the macroscopic continuum with a higher-order kinematic measure and a corresponding
higher-order stress in the sense defined by Toupin and Mindlin [26, 27]. In this second-order frame-
work, the physical size of the mesostructural RVE enters the macroscopic equilibrium problem,
and provides the length scale on which the macroscopic deformation field tends to localize. The
second-order description however requires a sufficiently fine discretization of the localized zone
at the macroscopic scale to capture its kinematics. In the case of masonry, damage appears at the
lowest scale, below the unit cell size. As a result, the use of a macroscopic gradient-enhanced
description would not give any benefit in this case, as the required discretization would be of
the same order as the mesoscopic discretization. In the case of masonry, macroscopic higher-
order continua will be avoided here by further exploiting the periodicity of the mesostructure. For
each possible failure mechanism, a localization bandwidth can be determined in a natural way by
identifying the smallest possible period over which the damage pattern may be repeated. This is
illustrated in Figure 4 for the case of a staircase crack pattern. For most of the crack patterns,
this bandwidth can be deduced from the unit cell size perpendicular to the considered average
crack orientation. The inclusion of such localization bands requires the following ingredients: (i) a
criterion to decide when to introduce a localization band, (ii) a criterion to determine its orientation.
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1031

Figure 4. Extraction of a localization bandwidth based on the periodicity of the material. The dashed
crack pattern indicates the periodicity for the considered pattern.

Retrieving these localization characteristics relies here on pointwise concepts as defined for
closed-form constitutive relations. In homogeneous problems, the appearance of a band in which
further growth of damage localizes may be considered as the bifurcation of a secondary solu-
tion from the homogeneous fundamental solution. This approach is used in classical continuum
mechanics to derive the conditions for the onset of localization, see, e.g. Reference [28], and is
related to the mathematical concepts of loss of ellipticity [19, 25]. For continuous bifurcation—i.e.
with the same material tangent 4LM at both sides of the discontinuity—macroscopic localization
in an orientation n potentially occurs whenever the condition

det(A) = det(n. 4LM .n) = 0 (18)

is fulfilled. Under the linear comparison solid assumption, meeting this criterion is a sufficient
condition for the boundary value problem to become ill-posed. Note that this condition was later
extended to discontinuous bifurcations—where the tangent 4LM is no longer identical on both
sides of the discontinuity—see Reference [29]. The set of orientations n for which localization
may appear is then determined by the inequality

det(n. 4LM .n)�0 (19)

In a multi-scale setting, the loss of uniqueness in the underlying mesostructural problem may
also be used to detect macroscopic localization. A necessary condition for this to occur is the
loss of positive definiteness of the underlying mesostructural discretized stiffness [19]. Since the
homogenized material stiffness is obtained from this quantity, this can be detected based on the
eigenvalues of the homogenized stiffness �LM

i with the condition

�LM
i,min�0 (20)

which corresponds to a limit point in the homogenized stress–strain response.

3.3. Illustration of macroscopic localization analysis

In this section, the use of these localization conditions in the computational homogenization scheme
for running bond masonry is illustrated. An analysis is performed on the eigenspectrum of the
acoustic tensor associated with the macroscopic material tangent 4LM obtained from Equation (10).
An eigenvalue analysis of the homogenized tangent stiffness itself is also performed. These analyses
are done for the entire deformation path in a uniformly and proportionally stressed ‘structure’.
The macroscopic ‘structure’ consists of a single finite element which has the precise dimensions
of a single unit cell in order to obtain the same load–displacement curves. The considered brick

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
DOI: 10.1002/nme

 10970207, 2007, 5, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.1799 by B
ibliothèque D

e L
'E

pfl, W
iley O

nline L
ibrary on [07/11/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1032 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

has dimensions L × h × e equal to 165× 52× 100mm3 with mortar joints that are 10mm thick.
The mesostructure is represented by means of a finite element mesh containing 396 eight-noded
elements and 1440 nodes. A plane stress behaviour is assumed since the failure patterns for the
considered loading cases are not strongly affected by three-dimensional effects [23]. The damage
criteria used for the brick and mortar materials are the same as in Reference [23], namely a
maximum principal stress criterion for the brick material and a Drucker–Prager-like criterion with
a compressive cap for mortar. The material parameters used in this illustration are reported in
Table I. The internal length parameter of the non-local damage model is denoted lc, while ft and
fc denote the uniaxial tensile and the uniaxial compressive strengths of the materials, respectively.
The compressive cap used for the mortar criterion is controlled by the triaxial strength parameters
fb and fh. Advanced path following techniques [30] are used to follow the solution path up to
complete failure.

Two loading cases are investigated here, which both lead to typical failure patterns. Vertical
compression is first combined with a small amount of horizontal tension, leading to a failure
mechanism which involves mode I failure of the head joints and vertical cracking of the bricks.
The second test considers a combination of vertical compression and shear and leads to the
formation of a staircase crack. Figure 5 shows the final damage patterns that are typically obtained
for the two loading cases. If complete failure is assumed, an overall crack direction can be identified
for each of the patterns, based on geometric arguments only, as indicated by the normal vector n in
Figure 5. For the geometry used here, orientations of �= 0◦ and � = 54.7◦ are found, respectively,
for the considered loading cases. These are the directions which one would like to retrieve from
the analysis at the mesostructural level, without any prior knowledge of the final failure pattern.

3.3.1. Vertical compression combined with horizontal tension. The first loading case, along
(�xx ,�yy,�xy) = (0.5,−1, 0), leads to mode I failure of the head joints, followed by

Table I. Mesoscopic material parameters.

E lc ft Gf fc fb fh
Material (MPa) � (mm) (MPa) (J/m2) (MPa) (MPa) (MPa)

Brick 16 700 0.15 1.73 0.75 16.2 15 — —
Mortar 3900 0.20 1.73 0.13 9 5.6 8.72 7.45

Figure 5. Average crack orientations defined by their normal n for the considered failure patterns.
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1033

vertical cracking in the brick due to a combined tension-compression stress state. As proportional
loading is applied, all stress components remain proportional to the imposed load factor. The
load–displacement curve depicted on the left in Figure 6 represents the variation of the load factor
as a function of the horizontal displacement of the right controlling node of the unit cell. The
state corresponding to each point denoted by a capital letter in Figure 6 is analysed below. The
evolution of the lowest eigenvalue of the homogenized tangent operator 4LM is given in the right
diagram of Figure 6 as a function of the same displacement. The damage distribution in the cell
for each state is shown in Figure 7 together with the corresponding acoustic tensor eigenspectrum.
The eigenspectrum for damaged configurations is normalized by dividing it by the homogenized
horizontal stiffness of the undamaged material, L1111 = 12 957MPa. In state A, the failure of the
head joints is accompanied by a decrease of the lowest eigenvalue, particularly for angles around
� = 0◦. The eigenvalue for �= 90◦ is affected much less by the initial stages of damage growth.
At the same time, the lowest eigenvalue of the homogenized tangent stiffness also decreases (Figure
6, right). A portion of the acoustic tensor eigenspectrum enters the negative range when damage is
initiated in the brick, Figure 7, state B, indicating the possibility for localization according to the
discontinuous bifurcation criterion (19). The negative portion of the eigenspectrum is centred around
0◦. It exhibits at this stage a local maximum for �= 0◦ and two local minima at approximately
� = ± 20◦. These minima, which are identical in intensity, stem from the original curve as in
state A, and disappear almost immediately after they have become negative. Simultaneously, the
lowest eigenvalue of the homogenized tangent stiffness becomes negative, see Figure 6, point B.
When the computation is continued on this fundamental path, the eigenvalue analysis indicates a
vertical band (�= 0◦), which clearly corresponds with the orientation predicted in Figure 5. Upon
complete failure, the localization orientation still corresponds to a minimum in the acoustic tensor
eigenspectrum (states C and D).

These results show that the localization analysis on the homogenized tangent material stiffness
allows to detect the macroscopic bifurcation in terms of the applied load level and its orientation
in a consistent way with the corresponding mesostructural damage pattern. Note in particular that
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Figure 6. (left) Loading factor vs horizontal displacement of the right controlling node of the cell for
vertical compression combined with horizontal tension, (right) Evolution of the lowest eigenvalue

of the homogenized tangent operator.
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Figure 7. Acoustic tensor eigenspectrum for compression combined with horizontal tension (top) and
related damage distributions (bottom). The orientation � is defined as the angle between the normal to

the potential localization surface and the horizontal direction.

both indicators, i.e. the lowest eigenvalue of 4LM and of A, simultaneously indicate the potential
for localization.

3.3.2. Vertical compression combined with shear. The eigenvalue data for the case of vertical
compression combined with an equal amount of shear are shown in Figures 8 and 9. Initially, the
head joint is partially degraded and damage is initiated in parts of the bed joints, as a precursor
to the expected staircase crack pattern, Figure 9. However, the damaged segment of the bed joint
still contains some undamaged material. This evolution is reflected in the corresponding acoustic
tensor eigenspectrum, in which the values are decreasing faster for orientations between � = 0◦
and � = 90◦ compared to orientations between �=−90◦ and �= 0◦. The lowest eigenvalue
of the homogenized tangent stiffness remains positive. This crack pattern continues to evolve as
shown in Figure 9, state B and a first minimum of the acoustic tensor eigenspectrum becomes
negative for an orientation of �= 4.1◦. Note that the damaged bed joint segment still contains
some undamaged mortar as shown in Figure 9 (state B). The acoustic tensor criterion (19) detects

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1035
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Figure 8. Load factor vs vertical displacement of the top controlling node of the cell for
vertical compression combined with shear (left). Evolution of the lowest eigenvalue

of the homogenized tangent stiffness (right).

loss of ellipticity at this stage. However, the lowest eigenvalue of the tangent stiffness remains
positive as can be seen in Figure 8 (point B). The limit point of the homogenized stress–strain
response has not yet been reached, and the load can still be increased since no continuous crack path
is formed and periodic boundary conditions are applied (see Section 2.3). Upon further loading,
damage spreads over the complete bed joint segment as illustrated for state C, leading to the
formation of a staircase crack pattern. This happens when the macroscopic limit point is reached.
Simultaneously, a second minimum of the acoustic tensor eigenspectrum becomes negative for
an orientation of approximately � = 58.3◦, see Figure 9, state C. This orientation is close to the
averaged crack orientation specified above, the difference being linked to the non-uniform damage
distribution inside the damaged zone at this stage. As from this point, the lowest eigenvalue of
the homogenized tangent stiffness becomes negative as well, see Figure 8, and both the loss
of ellipticity criterion (19) and the limit point condition (20) are now satisfied. The orientation
corresponding to this new minimum further evolves towards �= 53.8◦, which differs by less than
1◦ from the angle of � = 54.7◦ predicted by geometric arguments. Localization therefore seems to
be best detected from the homogenized tangent via criterion (20), as the average damage pattern
orientation appears to be linked to the second bifurcation point detected by the loss of ellipticity
criterion (19). This bifurcation point is reached at the limit point in the homogenized response. The
minima of the acoustic tensor eigenspectrum first pick up another orientation than the expected
orientation. Clearly the first negative minimum of the acoustic tensor eigenspectrum, in the rising
part of the averaged stress–strain response, is linked to the non-symmetry of the homogenized
tangent stiffness.

3.3.3. Identification and selection of the localization orientation. The obtained results strongly
indicate that the localization analysis based on the homogenized tangent stiffness delivers useful
information related to the mesostructural evolution inside the unit cell. Based on the above ob-
servations, the limit point criterion (20) will be used as an indicator of localization in the sequel

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
DOI: 10.1002/nme

 10970207, 2007, 5, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.1799 by B
ibliothèque D

e L
'E

pfl, W
iley O

nline L
ibrary on [07/11/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense
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Figure 9. Acoustic tensor eigenspectrum for compression combined with shear (top) and
related damage distribution (bottom).

of the paper rather than relation (19). Despite the lack of a rigorous mathematical motivation, the
former criterion offers a more efficient way of detecting localization since it is computationally
cheaper than the inspection of the acoustic tensor eigenvalues for all possible orientations. Once
localization is detected by (20), the orientation associated to the localization will be determined
by an eigenspectrum analysis of the acoustic tensor. The orientation corresponding to the negative
minimum of the acoustic tensor eigenspectrum, which appeared simultaneously with the limit
point, is chosen. Note that (20) is not able to detect bifurcations arising before the limit point. For
the shearing-compression case above, the first bifurcation indication obtained from the acoustic
tensor is thus ignored. Although the choice for the criterion (20) is in principle pragmatic, it can be
further supported by energetic considerations for the shearing-compression loading case, showing
that the fundamental homogeneous solution path is more critical than the localized solution at the
first bifurcation, see Reference [31].
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1037

4. ENHANCED MULTI-SCALE SCHEME FOR MACROSCOPIC LOCALIZATION

4.1. Motivation

The first-order multi-scale technique has to be amended in order to include localization bands as
suggested in Section 3. Localization bands in the form of a pair of weak discontinuities embedded
in an element were already used in Reference [32] to simulate strain localization in isotropic
materials. The proper representation of a true discontinuity, i.e. with complete separation of the
crack faces for mode I or mode II opening and proper energy dissipation, requires the use of
kinematically enhanced strain fields, see References [33, 34]. This improvement is however only
clearly motivated for constant strain elements and does not solve completely the mesh alignment
sensitivity, see Reference [35] for a detailed discussion. More advanced discretisation techniques
forcing crack path continuity are now available for closed-form constitutive frameworks [35], but
their adaptation to multi-scale techniques is not considered in the present contribution.

In the present approach, strain discontinuities defining a localization band are introduced to
represent the behaviour of the physical volume associated with a macroscopic sample point (Gauss
point) when macroscopic localization is detected. The localization detection is based on the criterion
presented in Section 3, whereas the localization width is extracted from the unit cell dimensions
along the direction n given by the localization detection. The material surrounding the localization
band is assumed to unload elastically, thus resulting in a discontinuous bifurcation.

4.2. Embedded localization band

In order to include a discontinuous bifurcation in a macroscopic point, an approximate embedded
band model is used, based on a relaxed Taylor assumption [36]. The Gauss point volume is split
into a localized band (b), and its surrounding, unloading volume (s), see Figure 10. The volume
fractions of the band and surrounding material are denoted by f b and f s, and the strain jump
between the band and surrounding material is defined by the normal to the band n and the strain
jump mode m. The relaxed Taylor model consists in imposing a constant strain in each sub-region
according to

Eb =E + f s(mn)sym

Es =E − f b(mn)sym
(21)

Figure 10. Idealization of the constitutive response for a macroscopic material
point using a relaxed Taylor model.
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1038 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

where (mn) represents the dyadic product of the vectors m and n. With these assumptions, the
volume-averaged strain is identical to the macroscopically applied strain

E= f bEb + f sEs (22)

The stress variations in the two phases are obtained with their respective tangent stiffness

�Rb = 4Lb
M : �Eb

�Rs = 4Ls
M : �Es

(23)

and the macroscopic stress variation �R is obtained by volume averaging via

�R= f b�Rb + f s�Rs (24)

As is clarified in Figure 10, the assumption is made that the material responses of the band and
of its surrounding volume can be deduced from the mesostructure according to the same scale
transition as in the initial first-order framework. This clearly introduces an approximation, since
this scale transition is based on a (local) periodicity assumption. According to this assumption, a
cell within the band behaves as if it were surrounded by identically behaving cells, whereas in the
real mesostructure the adjacent cells may be unloading. Similarly, the behaviour of the material
outside the band does not take into account the presence of weaker, localizing cells in the band.
This assumption may therefore have some influence on the predicted post-peak response, e.g. on the
resulting energy dissipation. An improvement could be obtained by using larger periodic cells which
include several periods of the mesostructure together with weaker (integral) boundary conditions
at their boundaries, but these options clearly require a more extensive treatment. Note also that
another limitation of the periodicity is the inability to correctly model the energy dissipation for
failure patterns which do not match the initial periodicity of the material. For example, for the
case of vertical cracking in running bond masonry (see Figure 7, Section 3.3), the development of
two failure zones inside the unit cell may result in an overestimation of the energy dissipation.

4.3. Coupled multi-scale scheme for localized behaviour

Based on the presented assumptions, the first-order multi-scale solution scheme is enhanced in
order to capture macroscopic localization. Prior to localization, the multi-scale scheme sketched
in Figure 1 is applied. Upon the detection of localization, a band is inserted and the updated
scheme illustrated in Figure 11 is initiated. Based on the localization orientation n and the related
volume fractions, the macroscopic strain is decomposed into strains within the band and within its
surrounding volume according to (21). The band material response is then evaluated through the
first-order multi-scale scheme using a unit cell computation. Since the material surrounding the band
is assumed to unload elastically, its secant stiffness 4Ls

M is evaluated only once. The macroscopic
stress is obtained from the averaging relation (24). The determination of the complete macroscopic
material response for a given macroscopic load step now consists in solving the following problem:
given a macroscopic strain increment �E and the orientation of the localization band n, determine
(i) the macroscopic stress increment �R (3 independent unknowns), (ii) the increment of the
strain jump �m (2 unknowns). These unknowns may be determined from the traction continuity
requirement at the interface between the band and its surrounding material (2 equations)

n.(Rb − Rs) = 0 (25)
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1039

Figure 11. Enhanced first-order multi-scale scheme with embedded strain
discontinuity for localized behaviour.

and the stress averaging relation (three equations)

R= f bRb + f sRs (26)

It is emphasized that this problem (Equations (25) and (26)) is non-linear, and thus requires an
additional iterative solution procedure at the level of a macroscopic sampling point. This becomes
apparent by expressing the traction continuity in (25) in terms of the strain increments in the band
and the surrounding material as defined in relation (21)

n.(4Lb
M − 4Ls

M ) : �E + n.( f s 4Lb
M + f b 4Ls

M ) : (�mn)sym = 0 (27)

In relation (27), the tangent material stiffness in the band, 4Lb
M , is a non-linear function of the strain

increment in the band �Eb, and thus also of the strain jump increment �m. As a consequence,
three nested solution procedures should a priori be used in this enhanced framework: (i) a solution
procedure for equilibrium at the macroscopic scale, (ii) a solution procedure to solve the non-linear
set of equations of the localization band model, and (iii) a solution procedure at the unit cell level
for the solution of the mesostructural boundary value problem.

The orientation of the localization band is not considered as an unknown, but is determined
by the localization analysis. As shown in Section 3 for some fundamental equilibrium paths, a
rotation of the localization orientation may occur as a result of mesoscopic damage evolution
inside the unit cell. This effect is taken into account in order to avoid any stress locking effect
at the macroscopic scale. The acoustic tensor associated to the band material tangent is therefore
analysed at each converged configuration and the band orientation is updated accordingly. In the
current version of the framework, no crack closure effect is included at the macroscopic scale.
A localization band cannot be de-activated, and a material point in which a localization band has
been inserted is not allowed switch back to a distributed damage pattern.
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1040 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

5. SCALE TRANSITION PROCEDURE FOR LOCALIZED BEHAVIOUR

5.1. Multi-scale solution procedure

The proposed multi-scale scheme involves the numerical solution of equilibrium problems at
two scales: the macroscopic or structural scale and the mesostructural scale. When localization is
triggered, three sets of equations need to be solved. At the macroscopic scale, the global equilibrium
problem can be written in the usual way

äM .R+ F= 0 (28a)

R= F�(E) (28b)

where F� denotes the numerically obtained response of the embedded band model. The decom-
position of the material behaviour in a band and its surrounding material is characterized by the
following set of equations:

n.(Rb − Rs) = 0 (29a)

R= f bRb + f sRs (29b)

Eb =E + f s(mn)(sym) (29c)

Es =E − f b(mn)(sym) (29d)

Rb = F�b(Eb) (29e)

Rs = F�s(Es) (29f)

At the mesoscopic scale, the equilibrium problem and the additional averaging equation have to
be solved together with the related boundary conditions

äm .r= 0 (30a)

�eq − l2cä
2�eq = �eq (30b)

Equations (30a) and (30b) are solved iteratively for each iteration of the macroscopic solution
procedure.

The multi-scale solution procedure as discussed so far implicitly assumes that a solution of the
mesostructural problem and of the embedded band model always exists for a given macroscopic
strain E. This condition is not satisfied when the average response exhibits a snap-back, which
requires adaptations in the scale transition procedures.

5.2. Causes of snap-back in averaged material response

Snap-back is a structural phenomenon appearing when localization of damage occurs in zones
which are narrow with respect to the structural size. Energetically, it occurs when the rate at which
the elastic zone releases elastically stored energy becomes larger than the rate at which energy
is consumed by the degradation of the softening material. This calls for adequate path following
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1041

techniques [30]. Such methods use a generalized load control, in which a scalar load factor
constitutes an additional unknown. To solve the set of equations, a constraint equation is added, in
terms of the conventional degrees of freedom of the structure and the load factor. A monotonically
increasing quantity is used to define the constraint and hence to control the computation. For
problems involving damage localization in narrow zones, local constraints (involving only degrees
of freedom related to the damage process zone itself) have been shown to perform better than
global constraints [30].

The macroscopic material point response is obtained here from a mesostructural computation.
This implies that the average response may also show snap-back, since relatively brittle mesostruc-
tural materials are considered and damage growth tends to localize in the weaker and relatively
narrow mortar joints. If classical non-linear displacement-based finite element procedures are used
at the macroscopic scale, it is implicitly assumed that for a given strain increment a resulting stress
can always be determined, i.e. that the mesostructural boundary value problem always possesses a
solution for the prescribed macroscopic strain increment. This is clearly not true for strains beyond
a snap-back point, and a macroscopic displacement-based multi-scale scheme may hence fail in
capturing the macroscopic equilibrium path.

A second potential source of snap-back of the deduced macroscopic material response is formed
by the averaging relations of the localization band model, i.e. Equations (29b)–(29d). These
relations take into account localization bands with a characteristic volume that is smaller than the
volume associated with the Gauss point where the macroscopic material behaviour is sampled.
Since this band is behaving in a quasi-brittle manner and the remaining material is assumed to
unload elastically, the overall macroscopic material response may show snap-back, even if the
average behaviour of the band unit cell does not. This type of snap-back is more likely to occur for
relatively coarse meshes, in which the damage band is thin compared with the volume associated
to the Gauss points.

5.3. Treatment of mesostructural snap-backs

To be able to handle mesostructural snap-backs in the proposed multi-scale solution scheme, two
difficulties need to be solved. First, the macroscopic solution procedure must be able to predict
a decreasing macroscopic strain increment as from the strain control limit point. Secondly, in
the snap-back regime, either the elastic unloading or the dissipative equilibrium path will be
followed for a given negative strain increment. To avoid the selection of the former, the scale
transition procedure should apply a decreasing macroscopic strain to the mesostructure, along with
an additional condition that steers the solution onto a dissipating path.

5.3.1. Strain jump control for embedded band snap-back. Let us assume that a localization band
was introduced in the considered material volume (relations (29a)–(29f)), and that the homogenized
unit cell response does not exhibit snap-back. Given the small width of the band and the brittleness
of its behaviour, a snap-back may appear in the averaged response of the finite volume associated
to the considered macroscopic material point.

The kinematic variable which characterizes the strain jump between the band and the surrounding
material is the vector m. If the band material follows a softening branch while the surrounding
unloads, the strain jump (mn)sym should increase, even if the overall material response exhibits
snap-back. To enforce further dissipation in the material, the macroscopic solution procedure should
thus enforce the growth of m.
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1042 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

A way to enforce this condition is to impose on the localization band model a positive increment
of the strain jump vector m. The vector m is therefore defined as a variable at the macroscopic
level in each macroscopic Gauss point. Since Equation (29a) is non-linear, simultaneously impos-
ing a strain jump m and a macroscopic strain E does not automatically lead to an equilibrium
configuration. An equivalent number of equations conjugate with these unknowns must be for-
mulated at the macroscopic level and solved at this scale. The traction continuity requirement
between the band and surrounding material (29a) may be used for this purpose. This equation
couples the strain jump to the macroscopic displacement field through the components of the
macroscopic strain tensor, as shown by relation (27). Due to the non-linear nature of (27), the
prescribed values of the strain jump m and the applied overall strain E will generally not lead to
an equilibrium state immediately, meaning that traction continuity will not be directly satisfied for
the prescribed m. Equation (29a) therefore has to be solved iteratively, together with the discrete
macroscopic equilibrium equations which result from (28a). This means that the traction continuity
between the band and the surrounding phases (29a) is only satisfied in macroscopically converged
configurations, and not in the intermediate iterative steps.

5.3.2. Dissipation control for unit cell snap-back. As illustrated in Reference [37], the averaging
of the unit cell behaviour may cause mesostructural snap-back in the response of the localization
band itself. In order to follow the dissipative equilibrium path of the cell, an additional condition
related to mesoscopic dissipation inside the cell must be added to the governing equations which are
prescribed to the mesostructural boundary value problem by the macroscopic solution procedure,
as proposed in Reference [37]. The principle of this technique is briefly recalled for the sake
of clarity. Assuming a discontinuous bifurcation upon appearance of the band, the surrounding
material unloads elastically, and an enhancement is only needed for the unit cell computation
associated to the localization band. A variable related to the dissipating damage process zone—
here, a non-local equivalent strain field degree of freedom that drives the mesoscopic damage
growth—can be imposed by the macroscopic solution procedure to the cell to force the solution
onto a dissipative path. This non-local degree of freedom must therefore be transferred to the
macroscopic scale, and a conjugate equation has to be solved iteratively at this scale.

The ‘external’ prescription of a non-local strain in the cell gives rise to a conjugate reaction
‘force’, or conjugate residual f�. This residual can be interpreted as the external action needed to
enforce the prescribed value of the non-local strain increment �� on top of the imposed average
strain E. Since in reality no such external action exists, it should vanish in the equilibrium state:

f� = 0 (31)

Rather than using this condition at the mesoscopic scale—which would be equivalent with not
prescribing ��—it is transferred to the macroscopic set of equations. This allows to have more
control on the mesoscopic equilibrium iterations, thereby still satisfying the original equilibrium
equations in the final macroscopically converged solution. This feature allows to pass strain control
limit points of the homogenized stress–strain behaviour, and, since it selects the corresponding
tangent stiffness, to follow the snap-back dissipative solution.

For the practical implementation of this enhanced control of the mesoscopic dissipation, the
reader is referred to Reference [37]. Note that the non-local degree of freedom may already be
introduced in the macroscopic description at the start of the computation, as it does not have any
effect in the pre-localized regime.
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1043

An essential difference with the treatment of snap-back due to the macroscopic localization band
discussed in Section 5.3.1 resides in the fact that the selection of the non-local degree of freedom
which is used to enforce dissipation at the cell level should evolve as a result of mesoscopic
damage evolution. The non-local degree of freedom corresponding to the largest incremental
damage growth is selected at the end of each macroscopic increment as the controlling variable
of a given unit cell in the subsequent increment. Note that the procedure described here is rather
general. If another type of model is used at the meso-scale, e.g. a cohesive zone approach, the
solution control can also be based on a relative displacement between two nodes, or even other
quantities like the dissipated energy, as suggested in Reference [38].

6. COMPUTATIONAL ASPECTS OF THE ENHANCED MULTI-SCALE SCHEME

6.1. Governing equations in macroscopic and mesoscopic solution procedures

As a result of the enhancements introduced in order to handle mesostructural snap-backs, mesostruc-
tural equations are incorporated in the macroscopic solution procedure. The governing equations
and the level at which they are solved are summarized in Table II, and the corresponding scale
transition procedure is represented in Figure 12. The essential difference with the scheme presented
in Figure 11 resides in the presence of a set of mesoscopic non-local degrees of freedom in the
macroscopic solution procedure. The band orientation is adapted at the start of each step, based
on the evaluation of the tangent operator in the previous converged state. In case the band unit
cell response undergoes mesostructural snap-back, its tangent stiffness becomes positive-definite,
and no localization direction can be determined anymore, in which case the orientation is fixed.

6.2. Extraction of consistent tangent stiffness for unit cell snap-back control

The fact that a mesoscopic degree of freedom is now included in the set of unknowns at the
macroscopic level means that the extraction of the macroscopic tangent operator presented in
Reference [39] must be adapted as well. This tangent now consists of four tensors which relate
variations of the stress R and the non-local residual f� to variations of the strain E and of the
non-local variable � according to

�R= 4Cuu
M : �E + Cue

M��, � f� =Ceu
M : �E + Cee

M�� (32)

Table II. Distribution of the field governing equations among the different solution procedures
in the enhanced first-order scheme.

Solution level Equations Physical meaning Unknowns

Macroscopic (28a) Macro-equilibrium Displacement field u
(macroscopic variation)

(29a) Traction continuity Strain discontinuities m
(31) Non-local residual Mesoscopically prescribed �eq

Mesoscopic (30a) Mesoscopic equilibrium Displacement field u
(mesoscopic variation)

(30b) Non-local averaging Non-local field �eq
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1044 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

Figure 12. Principles of the localization-enhanced first-order scheme with nested macroscopic and meso-
scopic solution procedures and with mesostructural snap-back handling. The upper part of the figure
represents the structural scale, including localization band at the level of Gauss point volumes, the lower

part represents the mesoscopic unit cell computations.

The tangent stiffness relation of the mesostructural problem condensed towards the control dis-
placements and the controlling non-local degree of freedom reads in matrix format[[Kuu

M ] {Kue
M }

〈Keu
M 〉 Kee

M

]{{�uM }
��

}
=
{{� fM }

� f�

}
(33)

When expressed in tensorial format, this relation can be reworked to obtain the following expres-
sions for the consistent tangent as shown in Reference [37]:

4Cuu
M = 1

Vcell

(
3∑

n=1

3∑
p=1

x(n)Kuu
M

(np)x(p)

)(rs)

, Cue
M = 1

Vcell

(
3∑

n=1
x(n)Kue(n)

M

)
(34a)

Ceu
M = 1

Vcell

(
3∑

p=1
Keu(p)
M x(p)

)(rs)

, Cee
M =Kee

M (34b)

The consistent tangent operator 4Cuu
M defined by relations (34a) is not the material tangent in the

usual sense, due to the presence of additional information related to the mesoscopic non-local
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1045

degree of freedom �. Upon macroscopic convergence, the unit cell is in equilibrium under the
prescribed macroscopic strain increment and the residual f� vanishes, and the material tangent
operator may then be recovered as

4LM = 4Cuu
M − 1

Cee
M
Cue

MCeu
M (35)

for the detection or update of the localization orientation.

6.3. Discretization and linearization of the macroscopic solution procedure

A nested finite element scheme is used in order to solve the governing equations according to the
scheme given in Table II. To achieve this, unknowns related to the following kinematic variables
have to be defined in the macroscopic solution procedure: (i) the displacement field u, (ii) the strain
jump vector m in each quadrature point where bifurcation has occurred, and (iii) a mesoscopic
non-local strain degree of freedom � in each quadrature point. Two unknowns related to the strain
jump m and one related to � are thus defined in each integration point. The displacement field is
interpolated by conventional finite element shape functions. Note that the piecewise uniform strain
state assumed in the localization band model is only consistent with the finite element interpolation
of the displacements in case constant strain triangle elements are used. This restriction is also present
in ‘classical’ embedded discontinuity elements available in the literature, the formulation of which
is usually well motivated only for constant strain elements [35].

Using the finite element displacement interpolation, the discretized form of the governing
equations at iteration (k) is given in matrix format by∫

V
[B]T{R(k)} dV = {f (k)

ext } (36)

[n]({Rb,(k)} − {Rs,(k)}) = {0} (37)

f (k)
� = 0 (38)

where [B] is the matrix which links the interpolated macroscopic strain field to the macroscopic
nodal displacements, and [n] is a matrix containing the components of the normal to the localization
band. The integral in (36), is defined on the entire structure. Equations (37) and (38) are formulated
for each quadrature point where the macroscopic material behaviour is sampled. Relations (36)–(38)
are next linearized using (� denotes an iterative update of a quantity)

{R(k)} = {R(k−1)} + {�R} (39)

{m(k)} = {m(k−1)} + {�m} (40)

�(k) = �(k−1) + �� (41)

6.3.1. Macroscopic equilibrium equation. The macroscopic stress variation in a given quadrature
point may be obtained using the stress averaging on the localization band and the remaining
material according to (29b), in which the band and the surrounding responses (29e) and (29f) are
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1046 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

substituted, and in which (32) is used for the band. If [Ls] contains the components of the secant
stiffness in the surrounding material, one obtains

{�R} = f b([4Cuu
M ]{�Eb} + [Cue

M ]��) + f s[4Ls
M ]{�Es} (42)

Expressing the strains in the band and in the surrounding material in terms of the strain discontinuity
through (29c) and (29d), and introducing the finite element interpolation for the macroscopic strain
E, the variation of stress is given as

{�R}= ( f b[4Cuu
M ] + f s[4Ls

M ])[B]{�u} + f b f s([4Cuu
M ] − [4Ls

M ])[n]{�m} + f b[Cue
M ]�� (43)

where the matrix [n] is defined such that its multiplication with {�m} yields the symmetric part
of n�m. Note that in this equation, the first term connects the macroscopic displacement degrees
of freedom of the considered macroscopic finite element, whereas the remaining terms relate to
variations of variables which are local to the considered quadrature point. Substituting (39) and
(43) in the discretized macroscopic equilibrium (36) yields

[Kuu]{�u} +∑
(i)

([Kum,(i)]{�m(i)} + {Kue,(i)}��(i)) = {f (k)
ext } − {f (k−1)

int } (44)

where

[Kuu] =
∫
V
[B]T( f b[4Cuu

M ] + f s[4Ls
M ])[B] dV (45)

[Kum,(i)] = V(i) f
b f s[B]T([4Cuu

M ] − [4Ls
M ])[n] (46)

{Kue,(i)} = V(i) f
b[B]T{Cue

M } (47)

and {f (k)
ext } are the external nodal forces in iteration (k). The sum over the Gauss points indicated

by the index i in this relation reflects that the strain jump unknowns and the mesoscopic non-local
strain unknowns are associated to these points. All terms in (46) and (47) are evaluated at the
considered Gauss points and V(i) denotes the volume associated with the considered Gauss point
by the quadrature scheme.

6.3.2. Traction continuity across the localization band. Traction continuity across the boundary
of the localization band in a given Gauss point volume, as expressed by Equation (37), can be
linearized using similar substitutions as above. This leads to the following linearized equation for
iteration (k):

[Kmu]{�u} + [Kmm]{�m} + {Kme}��= − [n]({Rb,(k−1)} − {Rs,(k−1)}) (48)

with the corresponding stiffness matrices defined as

[Kmu] = [n]([4Cuu
M ] − [4Ls

M ])[B] (49)

[Kmm] = [n]( f s[4Cuu
M ] − f b[4Ls

M ])[n] (50)

{Kme} = [n]{Cue
M } (51)
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1047

6.3.3. Non-local residual equation. Finally, the linearization of Equation (38) is obtained by
substituting the expression of the band strain (29c) into the expression of the non-local residual
variation (32), yielding for iteration (k)

〈Keu〉{�u} + 〈Kem〉{�m} + Kee�� = − f (k−1)
� (52)

with

〈Keu〉 = 〈Ceu
M 〉[B] (53)

〈Kem〉 = f s〈Ceu
M 〉[n] (54)

Kee =Cee
M (55)

6.4. Introduction of localization bands upon material bifurcation

When localization is detected, a branch switching procedure is used to force the integration point
onto the localizing path. In the first increment after localization detection, separate responses of the
band and surrounding material are evaluated in the considered macroscopic material point. Based
on the detected localization orientation n, a branch switching procedure is applied to force the
appearance of a strain jump (mn)sym between the band and the surrounding material. The vector
m is unknown, and no estimate for it is available from the previous increment. A predictor for
m can be obtained from the discontinuous bifurcation assumption. The rate of the vector m must
satisfy the linearized form of the traction continuity (29a)

(n. 4Lb
M .n).

•
m =n.(4Ls

M − 4Lb
M ) : •

E (56)

where 4Lb
M denotes the tangent stiffness in the band and 4Ls

M the tangent stiffness in the remaining
material. Initially, the latter is taken equal to the secant stiffness, whereas the tangent stiffness
before bifurcation is used as an initial estimate for 4Lb

M . Since the direction n has been determined
by the localization condition, Equation (56) can be used to determine a predictor of the finite
increment �m which is consistent with the finite increment of the overall strain �E. This estimate
is only an approximation since finite increments are estimated from the linearized equation and
since the tangent stiffness before the bifurcation is used as an estimate for the band. With this
strain jump prediction �m, the band strain increment may be predicted as

�Eb = �E + f s(n�m)sym (57)

So far, the prediction of the non-local degree of freedom increment �� available from the macro-
scopic solution procedure does not take into account the branching at the bifurcation point, since
it still relates to the overall strain increment �E. A new prediction of �� thus has to be obtained,
related to the strain increment �Eb applied to the band rather than to �E. This new prediction
of the non-local degree of freedom may be obtained from relation (52) by setting the non-local
residual increment � f� to zero. A correction for �� which takes into account the appearance of
the strain jump is obtained as

�� = −1

Kee
[〈Keu〉{�u} + 〈Kem〉{�m}] (58)

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
DOI: 10.1002/nme

 10970207, 2007, 5, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.1799 by B
ibliothèque D

e L
'E

pfl, W
iley O

nline L
ibrary on [07/11/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



1048 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

7. APPLICATIONS

In this section, the numerical multi-scale framework developed above is applied to a number of
test problems. A simple test case is considered with homogeneous loading at the macroscopic
scale in order to illustrate the capability of the algorithm to treat mesostructural snap-back and its
sensitivity to the size of the mesostructure. Next, a structural shear wall application is presented
to assess the ability of the model to reproduce complex structural failure modes.

7.1. Mesostructural snap-back in a tension-compression test

7.1.1. Homogeneous solution path. As shown in Reference [37], the multi-scale framework can
be applied to trace the homogenized response where mesostructural unit cell snap-back occurs. If a
unit cell is considered to be a part of a structure within the nested multi-scale scheme, the unit cell
computation is strain-driven and the snap-back control technique developed in Section 5 is required.
To illustrate this, a macroscopic ‘structure’ is tested which consists of a single finite element under
homogeneous macroscopic loading, with the same response for all Gauss points. The bifurcation
detection and branching are not activated in this computation to ensure that the unit cell response
is the only possible cause of snap-back in the homogenized material response. The structure is
proportionally stressed with vertical compression combined with horizontal tension along the stress
path (�xx , �yy,�xy) = (0.2,−1, 0). The macroscopic ‘structural’ dimensions are taken such that
the volume associated to each Gauss point by the quadrature scheme is identical to that of the
unit cell, which has the same dimensions as in Section 3.3. The macroscopic finite element has
a biquadratic serendipity displacement interpolation and four Gauss points. The damage criteria
and material properties used for the constituents are taken from Reference [23]. The load factor
evolution is represented in Figure 13 as a function of the top vertical displacement of the structure
divided by the number of unit cells along the height of the structure. This curve shows that the unit
cell snap-back occurs and is correctly dealt with by the dissipation-enhanced scale transition. For
each point of the load–displacement curve marked by a capital letter, the damage state inside the
unit cell is depicted in Figure 13. The node used for the dissipation control in each increment is

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
0

0.4
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Figure 13. Load–displacement curve and damage distribution obtained by the multi-scale modelling for
homogeneous macroscopic tension-compression loading. Each damage distribution corresponds to the
point denoted in the load–displacement curve. The stars in the damage distributions indicate the degree
of freedom which is selected for the snap-back control in the next increment, after Massart et al. [37].

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
DOI: 10.1002/nme

 10970207, 2007, 5, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.1799 by B
ibliothèque D

e L
'E

pfl, W
iley O

nline L
ibrary on [07/11/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1049

identified by a star. At each stage, these selected nodes are clearly positioned where the incremental
damage growth is highest.

7.1.2. Localized solution within a one-element test. The analysis can be repeated with a macro-
scopic ‘structure’ of modified dimensions 600× 300mm2. Only one macroscopic finite element is
again used, which means that the volume associated to each Gauss point by the quadrature scheme
is now larger than the unit cell dimensions. The macroscopic loading is kept homogeneous such
that all Gauss points will exhibit the same behaviour. For this test, the homogeneous structural
solution without localization is compared with the one in which the material response is allowed
to localize simultaneously in all Gauss points, i.e. the solution in which part of every Gauss point
volume is allowed to unload once the bifurcation condition is satisfied. The predicted localization
bands have a vertical orientation, corresponding to the final damage pattern. The effect of the
localization band clearly appears in the load–displacement curve in Figure 14, where a sharper
snap-back is found for the localized solution. A non-symmetric damage pattern is observed in the
cell for the localized solution, due to the use of the non-local strain control in the multi-scale
procedure. As illustrated in Figure 14, joint and brick damage is initiated in a symmetric fashion
prior to localization. This symmetry causes a bifurcation to appear at the mesoscopic level. This
meso-scale bifurcation is not detected in the stress-controlled, direct unit cell computation which
therefore shows a symmetric response. When the enhanced multi-scale technique is used together
with the branching procedure for the band introduction, the unit cell dissipation control selects one
non-local strain degree of freedom for controlling the unit cell even if its symmetric counterpart

(localized)(Fundamental)(Pre-localization)

Figure 14. Load–displacement curves and damage distribution obtained by multi-scale modelling for
macroscopic tension-compression loading for fundamental and localized solutions.
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1050 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

would be equally suitable. As a consequence, the asymmetric solution in which the selected node
continues to be damaged is followed. The sharper snap-back observed in Figure 14 is thus caused
not only by the presence of the localization band in each Gauss point, but also by the occurrence
of a different mesoscopic damage pattern inside the unit cell.

7.2. Size effect in shear-compression test

As a second elementary test, a single macroscopic element is subjected to vertical compression
combined with shear as in Section 3. The influence of the ratio between the structural and the
mesostructural dimensions is examined. Since the mesostructural size enters the macroscopic
computation via the localization bandwidth, a size effect is observed at the macroscopic scale. If
the ratio between the structural dimension and the unit cell dimension increases, a more brittle
structural post-peak response is expected since the volume in which energy is dissipated becomes
smaller compared to the structural size. To show this effect, the vertical compression-shearing test
is repeated with the same unit cell dimensions, but with two different structural dimensions, namely
800×800mm2 and 1600× 1600mm2. Figure 15 shows the load factor versus the displacement,
normalized by the structural size, for both structural dimensions together with the structural
fundamental paths. For a fixed unit cell size, a larger structure indeed clearly leads to a more
brittle structural response.

7.3. Masonry shear wall test

Data related to large-scale tests on masonry structures is scarce in the literature because of the
practical difficulties associated with such experiments. Confined shear wall tests are the most
commonly used structural experiments [40]. Similar experimental results were already used in
Reference [41] for the validation of a discrete mesoscopic masonry model. For practical reasons,
the tested structures usually consist of only a few bricks. Since the scale separation between the

Figure 15. Load–displacement curve for vertical compression combined with shear for two different
structural dimensions and a fixed unit cell size.

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1051

structural and mesoscopic scales remains intrinsically small in such panels, the corresponding
results cannot be used for the quantitative validation of homogenization-based models. How-
ever, given the lack of experimental data on large-scale structures, the small-scale test data are
nevertheless used here for a qualitative assessment of the multi-scale modelling. The type of test
reported in Reference [40] for shear walls with openings are considered for this purpose, with
altered mesoscopic and macroscopic dimensions for the multi-scale approach to remain applicable.
The dimensions of the opening are also modified with respect to the dimensions of the wall.

7.3.1. Problem definition and qualitative description of the experimental response. The wall
geometry considered in the simulation is shown in Figure 16. It consists of a plane masonry
wall of dimensions 2500× 3000× 100mm3. An opening with dimensions 800× 1200mm2 is
present in the wall. The geometry is slightly non-symmetric in order to trigger an asymmetric
response. The totality of bricks consistent with the mesoscopic and structural dimensions is shown
in Figure 16 in order to emphasize the costly character of a complete fine-scale modelling of this
structure. In the experiments reported in Reference [40], the top and bottom boundaries of the wall
were ‘clamped’ in steel beams. The loading is applied in two phases. In a first phase, the wall is
compressed by a vertical distributed load applied to the top beam, resulting in a uniform vertical
displacement of the top boundary. In the second loading phase, the vertical displacement of the
top boundary is fixed and a horizontal shearing force is applied. Here, the effect of the loading
set-up is represented by two bands of elements with elastic behaviour. The vertical displacement
of the top boundary is forced to remain uniform to simulate the presence of a steel beam. In order
to represent the (imperfect) clamping of the wall in the steel beam, a lower stiffness is assumed
for the two rows of elastic elements. The shearing load is applied as a distributed load on the right
side of this row of elements.

Experimentally, a complex crack evolution pattern was obtained. The average crack pattern
stages are illustrated in Figure 17, after [40]. Damage was first initiated with diagonal cracks
starting at corners of the opening and in the middle of its top border (Figure 17(a)). These specific
damage initiation locations were linked to the small number of bricks in the specimen (the opening

Figure 16. Shear test on a wall with opening: two-phase loading and dimensions.
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1052 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

Figure 17. Shear test on a wall with opening—successive cracking states observed in experiments [40].

in the wall had a width of approximately one brick). Shortly after their initiation, these diagonal
cracks became inactive, upon the appearance of two tensile horizontal cracks at the free boundaries,
Figure 17(b). Later, these horizontal cracks were arrested and two of the diagonal cracks were
re-activated and propagated towards the top right and bottom left corners of the wall (Figure 17(c)).
Finally, a structural failure mechanism was reached with compressive crushing of two corners of
the wall and of two corners of the opening ahead of the tensile cracks (Figure 17(d)). The created
cracks define four distinct parts of the wall, which rotate with respect to each other in an almost
rigid manner, as sketched in Figure 17(e). Note that the diagonal cracking present in this test
causes non-orthotropic damage states, which are difficult to model with closed-form models.

For the numerical simulation, the mesostructure of the material is made of bricks of dimensions
90× 30× 100mm3 with 10mm thick mortar joints. The unit cell is discretized with a rather coarse
mesh of 120 elements since the objective here is to illustrate the application of the scale transition.
Two elements are used on the width of a joint. A biquadratic displacement field and a bilinear non-
local strain field are used at the mesoscopic scale, together with plane stress assumption. Note that
the compressive crushing observed in the last cracking stage of the experiment cannot be captured
by this plane stress computation. A generalized plane state description would be useful in this
respect, but would require a considerably finer mesoscopic discretization to simulate brick cracking
[13]. A maximum principal stress criterion is used for the brick material and a Drucker–Prager
criterion with a compressive cap is used for mortar. The same mesoscopic material parameters as
reported in Table I are used, except for the intrinsic length scale, taken as lc = 2.2mm, in order to
keep a sufficient number of elements on the localizing zone with a coarser discretization. At the
macroscopic scale a mesh of 48 elements is used with a biquadratic displacement interpolation and
a four point integration scheme. Each iteration of the macrosopic solution procedure thus requires
the solution of 192 mesostructural boundary value problems. A resultant compressive vertical load
of 37.5 kN is considered for the first loading phase.

7.3.2. Numerical results. The load–displacement curve for the shear loading phase is shown in
Figure 18. The computation was continued until loss of convergence, i.e. the post-peak response

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
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Figure 18. Load–displacement curve of shear loading phase.
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Figure 19. Damage state in stat A—initiation of diagonal cracking: macroscopic horizontal stress
distribution (left), embedded discontinuities (centre), and mesoscopic damage states (right).

was not traced. The evolution of the macroscopic localization during the computation is illustrated
in Figures 19–24 for each of the points A, B, and C in the load–displacement curve. In these
figures, the embedded localization bands are represented with their respective orientations for the
Gauss points in which localization has appeared. For each of these states the mesoscopic damage
field in typical unit cells is shown. Unless stated otherwise, the unit cell damage patterns are
related to the localization band of the Gauss point when a band is present. The macroscopic stress
distribution is shown on the deformed shape of the structure—displacements have been magnified
by a factor of 1000. As depicted in Figure 19, cracking initiates at the top right and bottom left
corners of the opening. This crack initiation is due to horizontal tension combined with shear. At
this stage, the orientation of the localization bands clearly reflects the staircase damage pattern
obtained at the mesoscopic scale, which involves non-orthotropic damage effects. Some further
damage evolution is already present in non-localized Gauss points, indicating that the diagonal

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
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1054 T. J. MASSART, R. H. J. PEERLINGS AND M. G. D. GEERS

Mesoscopic damage in surrounding material

Mesoscopic damage in band

Figure 20. Damage state in state A with diagonal cracking: comparison between damage states inside and
outside the localization band of the first localized Gauss point above the opening.

Figure 21. Damage state in state B—appearance of lateral horizontal cracks: macroscopic vertical stress
distribution (left), embedded discontinuities (centre), and mesoscopic damage states (right).

cracking propagates in the direction of the corners of the wall. For the first localization band
at the top of the opening, further damage evolution already influenced the staircase pattern in
the situation represented in Figure 19. Fully anisotropic effects are however still present due to
unloading of the material surrounding the localization band, which exhibits a staircase pattern as
illustrated in Figure 20. The rather high level of damage reached in the surrounding material has
a considerable impact on the aggregate response of this Gauss point, since the band occupies only
a limited volume fraction of the associated material volume.

Upon further shearing, tensile damage zones localize at the edges of the wall as illustrated
in Figure 21. During this stage, the existing diagonal cracks at the top and bottom of the open-
ing do not evolve strongly (top unit cell in Figure 21). The multi-scale approach is thus able
to represent the transition from the diagonal cracking to the tensile lateral cracking as observed
in experiments on small structures of a similar shape (Figure 17). The comparison of the dam-
aged state of the band and of the surrounding material for the tensile cracks is presented in
Figure 22. A rather low damage level is obtained in the surrounding material as a result of the pure

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1055

Mesoscopic damage in surrounding material

Mesoscopic damage in band

Figure 22. Damage state in state B with horizontal tensile cracking: damage states in
the localization band and surrounding.
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Figure 23. Damage state in state C—propagation of diagonal cracking: macroscopic vertical stress
distribution (left), embedded discontinuities (centre), and mesoscopic damage states (right).

mode I opening of the bed joint, for which the behaviour becomes unstable early in the damaging
process.

After the opening of the horizontal tensile cracks, the growth of the diagonal cracks near the
opening is re-activated as observed in the experiments. This further propagation is accompanied
by a reduced progression of the lateral tensile cracks. It is also observed that the embedded
discontinuities near the corners of the wall tend to be inclined towards a horizontal direction,
as shown in Figure 23 (top and bottom mesoscopic unit cells). The comparison between the
damage state in the band and the surrounding material for a point located just below the top
beam is illustrated in Figure 24. Even though damage is concentrated in the bed joints like for
the horizontal tensile cracks (Figure 22), the level of damage in the surrounding is considerably
higher here, which reflects that under the compressive stress path followed by this point, damage
may grow substantially before triggering localization.

Finally, damage continues to grow in the direction of the corners of the wall, simultaneously
with a reduced evolution of the lateral horizontal cracks (Figure 23). The result of this damage

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
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Mesoscopic damage in surrounding material

Mesoscopic damage in band
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Figure 24. Damage state in state C with compressive bed joint damage: damage states
in localization band and surrounding.

evolution is that strong redistributions of stresses occur, which lead to high compressive vertical
stresses at four locations as observed in the experiments (Figure 23, left). Note also that the vertical
tensile stress field is altered around the horizontal cracks by the presence of the damage, with a
corresponding local decrease of this stress component. Figure 23 also confirms the presence of
four highly compressed regions. The compressive failure at these locations represents the last stage
of the cracking process as observed in experiments. The use of a generalized plane state would
have an impact at this stage of the computation. Noteworthy is the fact that already at this stage,
a good indication of the structural failure mechanism is found. The deformed shape of the wall
depicted in Figure 23 shows that a mechanism is formed with the four parts of the cracked wall,
which rotate with respect to each other.

It is emphasized that the last damage state represented in Figure 23 corresponds to a stage
in which the final failure pattern is not reached yet since the post-peak branch of the structural
response was not traced. Nevertheless, a qualitatively correct prediction of the evolution of damage
is obtained by the multi-scale approach. In particular, the complex evolution of local cracking
mechanisms (coupled to the appearance of mesoscopic damaging zones) is captured with the same
sequence as observed experimentally.

8. CLOSURE

A localization-enhanced first-order multi-scale computational framework was proposed for the
failure behaviour of masonry structures. The inherent complexity of this behaviour originates
from the geometry of the material mesostructure which, for the case of masonry, is a well-known
characteristic. The multi-scale scheme uses this well-defined geometry to avoid the formulation
of complex macroscopic constitutive laws, by retrieving the overall response of the material
from unit cell computations. The behaviour observed in these meso-analyses is transferred to the
structural scale by a scale transition. Based on the homogenized tangent operator, it is possible
to identify in a physically relevant way the onset and evolution of macroscopic localization. This
is achieved using classical concepts of material bifurcation associated to the loss of ellipticity as

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1022–1059
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AN ENHANCED MULTI-SCALE APPROACH FOR MASONRY WALL COMPUTATIONS 1057

well as an eigenvalue analysis of the material tangent operator. In particular, it was shown that
the detected localization orientation is aligned with the average orientation of the mesostructural
damage patterns inside the unit cells for two typical loading schemes. As a result, a procedure
for localization detection was defined and an enhanced first-order framework was sketched which
allows the treatment of localization, by means of embedded bands introduced via a relaxed Taylor
assumption. It is emphasized that the presented approach allows a mesostructurally motivated
treatment of localization in masonry computations, both in terms of orientation and size of the
localizing zone—a key feature for a proper representation of energy dissipation which is hardly
found in existing models.

Because of the softening of the constituents, a snap-back may occur in the extracted homog-
enized material response, due to the averaging performed by the scale transition procedure. The
scale transition and the path following method used in the macroscopic solution procedure have
therefore been adapted to control this snap-back. This enhancement was achieved by steering the
mesostructural scale computations onto a dissipative equilibrium path. Mesostructural equations
related to the mesoscopic controlling degrees of freedom were transferred to the macroscopic so-
lution procedure for this purpose. Computational details related to this coupled solution procedure
were presented, including branch switching upon localization. Simple tests on homogeneously
loaded macroscopic ‘structures’ were used in order to illustrate this approach. Finally, the applica-
tion of the framework to structural computations was illustrated by means of a confined shear test
on a wall with opening. It was shown that a qualitatively correct cracking evolution was obtained
with this approach. Noteworthy is the fact that the principles of the presented framework are rather
general and can be extended to other mesoscopic modelling strategies. In particular, the use of more
detailed models based on mesoscopic interfaces for the representation of mortar joints is possible.

The proposed approach presents a complement to more efficient closed-form models for struc-
tural masonry computations. It allows the inclusion in structural computations of complex macro-
scopic material behaviour, related to the periodic mesoscopic geometry in connection with the
presence of weak phases. The use of simpler constitutive models at the level of the constituents is
possible in the proposed multi-scale approach, leading to an intrinsically accurate representation
of the complex response at the structural scale (e.g. damage-induced anisotropy along preferential
directions with non-orthotropic damage effects). Furthermore, the material identification of closed-
form models is then transferred to the level of individual homogeneous phases, where it is believed
to be more tractable. This higher flexibility obtained with the multi-scale approach is inherently
accompanied by an increased computational cost compared to closed-form models. This aspect re-
quires further work in order to avoid unnecessary mesoscopic computations in elastically behaving
parts of structures, which could lead to a substantial decrease of the computational effort required.
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